Three Dimensional Gravity and Schramm-Loewner Evolution by Zhou, Jing & Ping, Jialun
ar
X
iv
:1
91
2.
02
69
4v
1 
 [h
ep
-th
]  
4 D
ec
 20
19
Three Dimensional Gravity and Schramm-Loewner Evolution✩
Jing Zhoua, Jialun Pinga,∗
aDepartment of Physics, Nanjing Normal University, Nanjing, Jiangsu 210023, China
Abstract
The partition function of three dimensional gravity in the quantum regime, where the AdS radius ℓ is Planck scale, is
dual to the Ising conformal field theory when the central charge c = 3ℓ/2G equals 1/2. Mathematically, we show that
the three dimensional gravity can be described by Schramm-Loewner Evolution (SLE) with certain κ. In fact, SLE
depends on the choice of parameter κ which controls the rate of diffusion of the Brownian motion, and the behavior of
SLE depends critically on its value. Each value of c < 1 corresponds to two values of κ, which may hint that the three
dimensional gravity has two different phases at certain central charge c. Moreover, phase transition is also discussed in
AdS and Ising model.
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It is an interesting problem to understand whether
three-dimensional gravity exists as a quantum theory, and
to solve it, if it exists. The action can be written as three-
dimensional gravity with a cosmological constant was stud-
ied in Refs. [1, 2]. In early studies of the theory, much
of them can be special to the case of negative cosmologi-
cal constant, have been the construction of an asymptotic
Virasoro symmetry and the recognition that the theory
admits black holes [3, 4]. The asymptotic Virasoro sym-
metry is now understood as part of the structure of two
dimensional conformal field theory. And it can be used
to calculate the entropy of the black hole. It was firstly
discovered by Banados, Teitelboim, and Zanelli (BTZ) [3]
that there exist black hole solutions in three dimensional
gravity with negative cosmological constant. Subsequent
work has made it clear that the three-dimensional black
holes or BTZ black hole should be taken seriously in the
AdS/CFT correspondence [5, 6]. The existence of the BTZ
black hole makes three-dimensional gravity a much more
exciting problem. This might be our best chance for a
solvable model with quantum black holes. Unfortunately,
the existence nonlinear interactions in four dimensional
means that one cannot obtain an exact solution of the
system which contains quantum gravity. However, if three
dimensional gravity corresponds to the quantum theory,
then this theory should have a huge degeneracy of black
hole states.
In fact, the quantum gravity with Λ > 0 does not exist
nonperturbatively. One reason is that it does not appear
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possible with Λ > 0 to define precise observable. This is
natural if a world with positive Λ is always metastable. So,
the pure gravity with Λ > 0 does not really make sense as
an exact theory in its own right but must be studied as part
of a larger system. For Λ > 0, there is no S-matrix in the
three dimensional case. And the spacetime is only locally
asymptotic to Minkowski space at infinity. More relevantly
for our purposes, in three-dimensional pure gravity with
Λ = 0, there is no S-matrix since there are no particles.
There are no gravitons in three dimensions, and there are
also no black holes unless Λ < 0.
Not only does AdS/CFT (Anti-de Sitter/Conformal
Field Theory) duality make sense in three dimensions, but
in fact one of the precursors of the AdS/CFT correspon-
dence was discovered by Brown and Henneaux [7] in three-
dimensional gravity. They considered three-dimensional
gravity with negative cosmological constant possibly cou-
pled to additional fields. The main result of Brown and
Henneaux is that the physical Hilbert space obtained in
this theory has an action of left and right moving Virasoro
algebras with cL = cR = 3ℓ/2G. In fact, one can find that
this is the boundary conformal field theory.
The Schramm-Loewner evolution (SLE) [12] are ran-
dom growth processes that generate conformally invariant
curves in two dimensions. SLE yield probability measures
on the continuum limit of non-crossing interfaces in 2D sta-
tistical lattice models at criticality with conformal invari-
ance. SLE has been proved successful to a more complete,
and in some case mathematically rigorous, description of
fractal curves in critical percolation [8], loop erased walk
[9], level lines of height models and domain boundaries
at phase transitions. The SLE consider directly the geo-
metrical characterization of non-local objects in 2D criti-
cal systems and complement the powerful tools provided
by the CFT techniques. On the other hand, CFT focus
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on correlation functions of local operators which are the
scaling limit of lattice variables. A first family of CFT,
the minimal CFT, calculates these correlation functions by
studying the infinite constraints imposed by the conformal
invariance in 2D systems. The Hilbert space of these theo-
ries is constructed from the highest weight representations
of the Virasoro algebra formed by the generators of the
conformal symmetry. The relation between SLE and CFT
has been worked out in [13, 14]. In fact, the use of SLE
along with the techniques of stochastic calculus provided
tools to perform a rigorous analysis of the scaling limits of
the discrete models. Moreover, in this framework a pre-
cise meaning of the passage to the scaling limit could be
established and used to prove the conformal invariance of
the limits.
Let us discuss the quantization of gravity in the strong
coupling regime, where the AdS radius ℓ is Planck scale.
We first review some general features of the path integral
in three dimensional quantum gravity with negative cos-
mological constant [17, 18, 19]. So, we should to compute
the path integral,
Zgrav =
∫
∂M
Dge−cSE[g] (1)
Here the integral is over asymptotically AdS manifolds M
with fixed conformal structure at the boundary. The clas-
sical Euclidean action of the solution is proportional to the
central charge c = 3ℓ/2G, where ℓ is the AdS radius and G
is Newtons constant. one may note that the central charge
c = 3ℓ/2G is proportional to ℓ, so it plays the role of the
coupling constant in the bulk gravity theory. When c < 1,
the partition function of AdS3 quantum gravity is [10],
Zgrav (τ, τ¯ ) =
∑
γ∈Γe\SL(2,Z)
Zvac (γτ, γτ¯) (2)
Here Γe is the subgroup of pure gauge symmetries. The
function Zvac is equal to the vacuum character of a mini-
mal model CFT, writes as,
Zvac(τ, τ¯ ) = |χ1,1(τ)|2 (3)
where χ1,1 is,
χ1,1 =
(1− q)
η(τ)
q(1−c)/24
(
1 +
∞∑
k=1
(−1)k
(
qh1+k(p+1),(−1)k+(1−(−1)k)p/2
+qh1,kp+(−1)k+(1−(−1)k)p/2
))
(4)
with [11],
hr,s =
(pr − (p+ 1)s)2 − 1
4p(p+ 1)
, (5)
where p > 2 is an integer, 1 ≤ r ≤ p′−1 and 1 ≤ s ≤ p−1,
p, p′ are coprime positive integers. It is worth noticing, al-
though our results are phrased in the language of minimal
model CFT, these results could be derived directly in the
bulk dual gravity.
When c = 12 , the partition function of this Ising model
can be writen as,
ZIsing (τ, τ¯ ) = |χ1,1(τ)|2 + |χ2,1(τ)|2 + |χ1,2(τ)|2 (6)
Summing up all contributions gives,
Zgrav = 8ZIsing (7)
The overall factor of 8 can be absorbed into the path inte-
gral measure. Then we conclude that the partition func-
tion of pure quantum gravity at c = 12 is equal to the Ising
model [10].
However, this is not the whole story. One should note
that the Ising model or CFT is closely related to SLE when
the central charge c < 1, which is the random collection
of conformal maps gt(z) obtained by solving the Loewner
equation[16],
∂tgt(z) =
2
gt(z)−
√
κBt
, g0(z) = z (8)
Briefly, in CFT, the central charge c plays a key role
in delimiting the universality classes of a variety of lattice
model scaling limits. We now know that the SLE param-
eter and the central charge c are related through
c =
(6 − κ)(3κ− 8)
2κ
(9)
The parameter κ describing the cluster boundary SLE can
be determined by coupling the general SLE process to con-
formal field theory on the upper half-plane[15]. So, SLE is
naturally associated with a CFT that has central charge.
When the partition function of pure quantum gravity at
c = 12 , so we have,
κ = 3,
16
3
(10)
Or in the other word, the three dimensional pure quantum
gravity at c = 12 can be described by SLE with κ = 3,
16
3 .
And one should note that the κ is the weight of Brown
motion! In fact, the gravity dual of the tricritical Ising
model at c = 710 gives,
Zgrav = 48ZTricritical Ising (11)
And one can find that the κ = 5, 165 . We now consider
the general case, where c takes any of the allowed minimal
model values. First, Let us consider SL(3) higher spin
gravity with the principal embedding, with the coupling
constant chosen so that c = 45 . In fact, it is found that
its path integral gives the partition function of the Potts
model which is,
ZSL(3) gravity = 12ZPotts (12)
Actually, the tricritical Potts model with chiral algebra
W (2, 5), which can be obtained by DS reduction [20] of
E6 at central charge c = 67
ZE6 gravity = 16Ztricritical Potts (13)
2
Then one can find that the E6 gravity is dual to the tricrit-
ical Potts model with κ = 247 ,
14
3 . In fact, the path integral
of SL(N) gravity produces a consistent partition function
for one of the WN minimal models, known as parafermion
theories, with central charge is
c = 2
N − 1
N + 2
(14)
Then, one can find N = 2 is the Ising model and N = 3
is the Potts model. Moreover, all the central charge c of
these models or gravity are between 0 and 1, which can be
described by SLE with different κ. And all the results can
be found in table I.
Actually, when 0 < κ ≤ 4: γ(t) is a simple curve, but it
doesn’t touch itself. When 4 < κ < 8: γ(t) is not a simple
curve. And the curve touches itself when κ ≥ 8: γ(t) is
a space filling curve [8]. It has double points, but does
not cross itself. The three different types of behaviour are
sketched in Fig. 1. Moreover, κ is related to the fractal
Figure 1: Three different phases for κ whose corresponding SLE
partly show a different behaviour, namely 0 < κ ≤ 4, 4 < κ < 8, and
κ ≥ 8.
dimension of a curve by the following relation,
d = 1 +
κ
8
(15)
Physically, for 0 < κ < 4, the repulsive force wins and
the particle escapes to infinity, while for κ > 4, the noise
dominates and the particle collides with the origin in finite
time.
In fact, the bulk dual gravity is still unknown with
the central charge c is 1. So, it is natural to ask that
can we study this bulk dual by SLE. Actually, by simple
calculation, we find that κ is equal to 4 when c = 1. Then,
from the result of SLE, one can find that κ = 4 corresponds
to the path of the harmonic explorer and contour lines of
the Gaussian free field. Physically, the Gaussian free field
is also called the bosonic massless free field.
1. Phase Transition in Ising model and three di-
mensional gravity
From the previous section, we know that partition func-
tion of pure quantum gravity at c = 12 is equal to that of
the Ising mode. So it naturally to study the phase transi-
tion of the systems.
Actually, Maloney and Witten [21] have shown that the
Hawking-Page transition [22] in AdS3 space is Lee-Yang
type, while the original Lee-Yang phase transition [23, 24]
Table 1: central charge c, CFT, bulk dual, κ of SLE are showed.
Each value of c < 1 corresponds to two values of κ, one value κ
between 0 and 4, and the other value 16
κ
greater than 4
c CFT bulk dual κ
1
2 Ising model pure gravity 3,
16
3
7
10 tricritical Ising model pure gravity 5,
16
5
4
5 Potts model SL3 gravity
10
3 ,
24
5
6
7 tricritical Potts model E6 gravity
24
7 ,
14
3
2N−1N+2 parafermions model SLN gravity
is only for two dimensional Ising model. The Hawking-
Page transition can be seen from Lee-Yang condensation
of zeros in the partition function for k → ∞. Actually,
the partition function Z(τ) of three dimensional gravity is
a modular function which computes at fixed temperature
Imτ and angular potential Reτ . In the limit of infinite
volume, these zeroes condense along the phase boundaries.
So, it gives rise to phase transition. The analog of the
infinite volume limit for the partition function Z(τ) is k →
∞ because as we know k = ℓ/16G implies that k directly
proportional to the AdS3 radius. In this case, the partition
function Z(τ) is not analytic which corresponding to the
occurrence of phase transition.
The three-dimensional Hawking-Page transition, which
represents a coexistence of two phases, a BTZ black hole
with thermal radiation and thermal AdS3, the the critical
temperature can write as,
TAdS =
1
2πℓ
(16)
the Hamiltonian of Ising model can be written as [25],
H ({si}) = −J
∑
〈i,j〉
sisj − h
∑
i
si (17)
J describes the strength of interaction, h is external mag-
netic field, and the
∑
〈i,j〉 over all nearest neighbor pairs.
In fact, the critical temperature is,
TIsing = 2.269
J
kB
(18)
Combine Eq.(16) and (18), we have,
J =
42.75kB
G
(19)
Then one can find that the interaction strength J is only
determined by the Boltzmann constant kB and three di-
mensional Newton gravity constant G.
In summary, we introduce the three dimensional grav-
ity and the dual Ising model. We argue that the three
3
dimensional gravity can be described by the Schramm-
Loewner evolution. SLE is proven to describe the scaling
limit of various stochastic processes, such as critical per-
colation, the critical Ising model, the double-dimer model,
self-avoiding walks, and other critical statistical mechan-
ics models that exhibit conformal invariance. The SLE
curves are the scaling limits of interfaces and other non-
self-intersecting random curves in these models. we also
obtain different κ for some special model such as pure grav-
ity, E6 gravtiy, SL3 gravity, SLN gravity. The AdS3 grav-
ity at c = 12 is dual to the Ising model and the phase
transition is Lee-Yang type. Then we argue that the criti-
cal temperature TAdS in AdS space is equal to the critical
temperature TIsing in the Ising model.
For some special central charge c, we show that the
three gravity is dual to SLE at certain κ, which is the
weight of the Brownian motion. Then it is natural to study
whether SLE is dual to the three dimensional gravity for a
general case when 0 < c < 1. And it is worth researching
in the future.
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